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Abstract
In this paper we consider the maximal volume and the action, which are conjectured
to be gravity duals of the complexity, in the black hole geometries with end of the world
branes. These geometries are duals of boundary states in CFTs which have small real
space entanglement. When we raise the black hole temperature while keeping the cutoff
radius, black hole horizons or end of the world branes come in contact with the cutoff
surface. In this limit, holographic entanglement entropy reduces to 0. We studied the
behavior of the volume and the action. We found that the volume reduces to 0 in
this limit. The behavior of the action depends on their regularization. We study the
implication of these results to the reference state of the holographic complexity both
in the complexity = volume or the complexity = action conjectures.
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1 Introduction
Recently, it is found that there are deep connections between quantum information theory
and quantum gravity through holography[1, 2], especially in the AdS/CFT correspondence[3].
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The holographic entanglement entropy formula [4, 5] relates entanglement entropy in con-
formal field theories(CFTs) to bulk minimal (extremal) codimension 2 surfaces in gravity.
These relations leads to the understanding that the bulk geometry appears from the bound-
ary entanglement[6, 7].
We can probe the black hole interiors by entanglement entropy but that saturates at finite
time in finite entropy systems[8]. On the other hand, black hole interiors expand beyond this
saturation time. The codimension 1 maximal volume that ends on the asymptotic boundary
can detect the growth of interiors after the saturation of entanglement[9]. The volume is
now conjectured to be dual of complexity in dual conformal field theories[9, 10]. Through
the hard wall approximation of interface solutions, it is also argued that the maximal volume
is the gravity dual of quantum information metric [11]. The on shell action evaluated on
so called Wheeler de Witt (WdW) patch also shows the same behavior at late time, and
they are also conjectured to be a dual of complexity in CFTs[12, 13]. Based on tensor
network consideration, it is also argued that the Liouville action corresponds to the path
integral complexity[14, 15, 16, 17], which represents redundancy to prepare states through
the Euclidean path integral. Recently, the connection of the gravity action and quantum
circuits based on path integrals are proposed[18].
The complexity of states is defined by the number of elementary gates applied to a
reference state[19]. This means that we need to specify the ”reference state” and ”gate
set” to define the complexity, and complexity depends on the choice of them. Holographic
formula, on the other hand, gives a way to evaluate complexity using geometric quantities
in AdS. This means that the holographic formula chooses one particular reference state
and a gate set. Therefore, in principle, we can specify the reference state and gate set
from dual ”definition” of complexity from gravity side. Here we focus on the reference
state. The natural candidate of reference state is a product state, which have no real space
entanglement[9]. Therefore, to test the reference state from gravity calculation, the key
point is how to realize such a small entanglement state in holographic setup. In CFTs, there
are states with small real space entanglement. They are called as boundary states[20, 21].
This is a state that represents the existence of boundary which keeps the half of conformal
symmetry. These states have small entanglement and used to cut UV entanglement [22, 23]
near the entangling surface, to express a projection operation in CFTs[24, 25] or to describe
approximately the ground states of gapped Hamiltonians[26, 27]. Recently is is also argued
that boundary CFTs are used to construct an analog of qubits in CFTs[28]. These boundary
conditions have rich structures and especially the dual geometries highly depend on the
choice of boundary conditions. There is a holographic model that is called as AdS/BCFT
correspondence proposed by Takayanagi[29] and explored further in [30]. In this proposal,
we assume that the effects of the boundaries in CFT side are expressed as end of the world
(ETW) branes in gravity side. In this paper, we consider both of the complexity=volume and
the complexity = action conjecture in AdS3/BCFT2 context where BCFTs have spacelike
boundaries. The volume and the action with in AdS/BCFT are also studied in [31] where
BCFTs have timelike boundaries.
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An important point is that product states are actually not in a Hilbert space of any
relativistic QFT[32]. Reflecting this fact, the norms of boundary states are infinite. In
gravity side, the change of UV entanglement breaks the asymptotic AdS boundary condition.
This is related to the fact that the identity operator is not in a trace class in QFTs. The
identity operator is the infinite temperature limit of the Gibbs ensembles and it is singular
both in field theory and in gravity. In this paper, we consider the AdS/CFT correspondence
with cutoff[33]. By UV/IR relation, this cutoff is a suitable UV cutoff in CFT and an IR
cut off in gravity. The area of the cutoff surface in gravity is interpreted as the quantum
information which we have in CFT with the suitable UV regularization. The prescription to
calculate holographic entanglement entropy ending on a generic bulk surface are considered
in [34]. We consider the limit that the horizon or the ETW brane meet with the cutoff
surface. Such a limit is sometimes considered[35, 36, 37, 38]. This limit is considered in [35]
for Euclidean black holes to argue that boundary states correspond to trivial spacetimes. In
this limit, there are no spacetime within the cutoff surface and holographic entanglement
entropy reduces to 0. In this paper, we consider this limit in Lorentzian signature and
consider the volume and the WdW patch action in this limit.
The result is as follows:
1. In the complexity=volume case, if there are no entanglement, the states have 0 complexity.
This suggests that the reference state of complexity for CV case is product states.
2. In the complexity=action case, the result depends on how to regularize the Wheeler de
Witt patch action. We consider two regularizations that are considered in the literature.
When we choose the Wheeler de Witt patch that ends on the AdS boundary and then
introduce a cutoff, we obtain a UV divergence for product state limits. On the other hand,
when we consider the Wheeler de Witt patch that ends on the cutoff surface, then complexity
reduces to 0 for product state limits. These are not affected by the choice of the affine
parametrization ambiguity of joint terms [39, 40] or length scale of counter terms[39, 41, 42].
The organization of this paper is as follows. In section 2, we review the property of
correlation function and entanglement in boundary states. Then, we review the basic aspects
of AdS/BCFT and see the structure of spacetime. In section 3, we study the volume and the
action on the eternal black holes. We also study study them in the AdS/BCFT setup with
tensionless ETW branes, which are obtained by the orbifold of the eternal black holes. We
study the behavior of the volume and the action in the limit that the horizon radius becomes
the same with the cutoff radius where holographic entanglement entropy reduces to 0. In
section 4, we study the volume and the action in the AdS/BCFT setup with nonzero tension
ETW branes. For positive tension case, we consider the limit that the radius of black hole
horizon becomes the same with the cutoff radius where only the geometry behind the horizon
remains. For the geometry with negative tension ETW branes, we consider the limit where
the ETW brane contacts with the cutoff surface at t = 0 where holographic entanglement
entropy reduces to 0.
3
2 Entanglement structure of boundary states
2.1 single sided CFT case
In this section we study the real space correlation in boundary states |B〉 in conformal
field theories. More details are discussed in [35][43]. Because boundary states have infinite
norms, we consider the regularized version of boundary states |ψ〉 = e−δ·H |B〉 for a smearing
parameter δ and take it to be cutoff scale  of the CFT.
Let us consider a two point function of two local operators:
〈O(x1)O(x2)〉 = 〈ψ|O(x1)O(x2) |ψ〉 . (2.1)
This correlation function is evaluated on the infinite strip [−δ, δ] × R where the Euclidean
time τ runs from −δ to δ and we use z as a coordinate for this strip. Operators are located on
the reflection symmetric line τ = 0. Using conformal mapping w = e
pi
2δ
z, the strip geometry
is mapped to the upper half plane (UHP). The cross ratio x on the UHP becomes
x =
(w1 − w¯1)(w2 − w¯2)
(w1 − w2)(w¯1 − w¯2) = −
1
sinh2 pi
4δ
(x1 − x2)
. (2.2)
Therefore, when |x1 − x2|  δ, the cross ratio becomes x ≈ 0. This means that two point
functions factorize to the products of one point functions:
〈O(x1)O(x2)〉 ∼ 〈O(x1)〉 〈O(x2)〉 , (2.3)
and they do not depend on the separation of them. This implies that there are no real space
correlation in boundary states.
We can also estimate the real space correlation by entanglement entropy. We consider
the entanglement of an infinite interval. Then, this reduces to the one point function of the
twist operator:
〈ψ|σn(0) |ψ〉 = c˜n
(4δ
pi
)−∆n
. (2.4)
Therefore, entanglement entropy becomes
SA =
c
6
log
4δ
pi
+ log g +
1
2
c′1. (2.5)
Here c′1 is a non universal constant which does not depend on the choice of boundary states
and related to c˜′1 by c˜
′
1 = c
′
1/2 + log g[44]. This log g is so called boundary entropy and g
is the disk amplitude g = 〈0|B〉[45]. Note that this expression can be trusted only when
δ  . Therefore, we can not trust the expression (2.5). Nevertheless, we can estimate the
nonexistence of logarithmic divergent term in (2.5) when we take δ ∼ .
Let us consider qubit (or spin) systems with Htot = H⊗n where H is spanned by |0〉 and
|1〉. An example of product states |ψ0〉 ∈ Htot is given by
|ψ0〉 = |0〉 |0〉 · · · |0〉 . (2.6)
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The important feature of this state is that two point functions are factorized to the products
of one point functions because there is no entanglement:
〈ψ0|O(i)O(j) |ψ0〉 = 〈ψ0|O(i) |ψ0〉 〈ψ0|O(j) |ψ0〉 , (2.7)
where the lavel i, j is a lavel of cites on which qubits are located. This is a same property
which is satisfied in boundary state in (2.3). Therefore, we can see a boundary state as a
CFT representation of a product state.
2.2 two sided CFT case
In two sided systems with maximal horizontal entanglement, the analog of product states
is one with no vertical entanglement[9]. In qubit systems, this is a product of n EPR pairs
each of which is shared between the two sides:
|ψ〉 = {1/
√
2(|0〉L |0〉R + |1〉L |1〉R)}⊗n (2.8)
We see that the properties of Bell pairs are satisfied by the following thermofield double
state:
|EPR〉 = 1√
Z(4δ)
∑
n
e−2δ·En |En〉L ⊗ |En〉CPTR , (2.9)
where we take δ to be a cutoff scale .
Fist, the two point functions of two left (right) operators in EPR pairs factorizes to a
product of one point functions:
〈ψ|OL(i)OL(j) |ψ〉 − TrL(ρLOL(i))TrL(ρLOL(j)) = 0. (2.10)
where ρL =
1
2
(|0〉L 〈0|L + |1〉L 〈1|L). In CFTs, we obtain
〈EPR|O(x1)O(x2) |EPR〉 =
( pi
4δ
)4∆ 1
| sinh pi
4δ
(x1 − x2)|4∆
∼
( pi
2δ
)4∆
e−
pi∆
δ
|x1−x2|, (2.11)
which means that the two point function factorizes to the product of one point functions1.
Next, if we consider the two point functions of left and right operators, that have non
zero correlation only when they are located on the same point:
〈ψ|OL(i)OR(j) |ψ〉 − TrL(ρLOL(i))TrR(ρROL(j)) = 0 (i 6= j). (2.12)
The two sided correlator in CFTs is
〈EPR|O(i2δ + x1)O(x2) |EPR〉 =
( pi
4δ
)4∆ 1
| cosh pi
4δ
(x1 − x2)|4∆
∼

(
pi
2δ
)4∆
e−
pi∆
δ
|x1−x2| |x1 − x2|  δ(
pi
4δ
)4∆
x1 ∼ x2
. (2.13)
1In conformal field theories on S1 × R, one point functions vanish.
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Again we can confirm that the behavior is resemble to that of EPR pairs. Entanglement
Renyi entropy is given by
〈EPR|σn(i2δ + x1)σ−n(x1) |EPR〉 = cn
(pi
4δ
)4∆n
. (2.14)
and entanglement entropy becomes
SA =
c
3
log
4δ
pi
+ c′1. (2.15)
This is essentially the twice of the boundary state entanglement entropy (2.5). When we
take δ to be the cutoff scale , the logarithmic divergent disappears. This suggests that
the thermo field double states (2.9) share the same properties with the EPR pairs in qubits
systems.
2.3 Holographic dual of EPR pairs
We start from the dual of maximally entangled states without vertical entanglement, which
are simpler than boundary states. The dual of |EPR〉 = 1√
Z(4δ)
∑
n e
−2δ·En |En〉L⊗ |En〉CPTR
is given by the eternal AdS black holes[46]. The gravity dual of local EPR pairs are also
given in [25]. The exterior coordinate of the BTZ black hole is given by
ds2 = −r
2 − r2H
l2AdS
dt2 +
l2AdS
r2 − r2H
dr2 + r2dφ2, (2.16)
where lAdS is the AdS radius and rH is the horizon radius. φ is related to the boundary
space coordinate x via φ = x/lAdS. The black hole temperature is given by β = 2pil
2
AdS/rH .
The relation with CFT cutoff is determined as follows. First, when we take r  rH , the
metric takes the following form approximately:
ds2 ∼ − r
2
l2AdS
dt2 +
l2AdS
r2
dr2 + r2dφ2. (2.17)
Then, when we take z = l2AdS/r, we obtain the usual Poincare patch metric:
ds2 ∼ l2AdS
dz2 − dt2 + dx2
z2
. (2.18)
Therefore, the cutoff scale is given by z = z0 = . In the original coordinate, the cutoff is
r0 = l
2
AdS/. The above is applicable only for r0  rH . When we take the temperature to
be a cutoff scale, we assume that we can trust this expression r0 = l
2
AdS/ and take the limit
rH → 2pi/ that corresponds to rH → r0 2 . In other word, we identify putting entanglement
2Strictly speaking, disentangled state is not in the Hilbert space in relativistic field theories because all
states in relativistic field theories have the same UV divergence in entanglement entropy[32]. In gravity
side, all dual geometries have the same asymptotic AdS region that causes the universal UV divergence in
holographic entanglement entropy. Therefore the horizon does not meet with the asymptotic AdS boundary
no matter how high we take temperature to be. Therefore we need some regularization in both side. We
assume the existence of holographic regularization and we identify putting cutoff surface in AdS with taking
the local EPR pair limit in the regularized Hilbert space.
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entropy in the thermo field double states ( or boundary states) to 0 in CFT and putting
cutoff on horizon in gravity:
SA =
c
3
log
4δ
pi
+ c′1 → 0 in CFT ↔ rH → r0 in gravity (2.19)
Actually, we can confirm that there are no holographic entanglement entropy in this limit.
Entanglement entropy for EPR pairs(thermofield double states) of the half line A : x > 0
for both copies of the CFT can be calculated by holographically[4],
SA =
lAdS
4GN
∫ r0
rH
dr√
r2 − r20
=
lAdS
2GN
log
r0 +
√
r20 − r2H
rH
, (2.20)
which becomes 0 in rH → r0 limit3. This suggest that we can identify both limit in (2.19). We
can say that the trivial space is associated to the EPR pairs without vertical entanglement
at t = 0, which is argued in [35]. After the time evolution, entanglement are generated and
they create the interior of the black holes.
2.4 Holographic dual of Boundary states
In this subsection we consider the holographic dual of (regularized) boundary states e−δ·H |B〉.
We assume the AdS/BCFT setup [29][30]. Dual geometry is given by black holes with end-
of-the-world (ETW) brane [8][47]. After reviewing the basics AdS/BCFT prescription, we
explain the geometry with cutoff scale temperature.
The action for holographic model of BCFT is given as follows:
S =
1
16piGN
∫ √−g(R− 2Λ) + 1
8piGN
∫
brane
√−γ(K − T ). (2.21)
We impose the Neumann condition on the brane. The equation of motion on the end-of-the
world (ETW) brane is given by
Kab − habK = −Thab. (2.22)
We can think of this equation as the junction condition [48] with nothing. By taking the
trace, we obtain
K = 2T. (2.23)
The trajectory of the ETW brane in left outside region is given by
r(t) =
rH√
1− (T lAdS)2
√
1− (T lAdS)2 tanh2 rHt
l2AdS
(2.24)
The induced metric on the ETW brane is
ds2brane = −
r4H
l2AdS
( T lAdS
1− (T lAdS)2
)2 1
r(t)2
1
cosh4 rH t
l2AdS
dt2 + r(t)2dφ2. (2.25)
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Figure 1: The left picture is the configuration of the ETW brane with positive tension. The
middle picture is the configuration of the tensionless ETW brane, which is obtained as the
orbifold of eternal black holes. The right picture is the configuration of the ETW brane with
negative tension
The configurations of the ETW branes are depicted in Figure 1.
Here we argue that in this case the relation c
3
log 4δ
pi
→ 0 ↔ rH → r0 also holds. First,
we calculate holographic entanglement entropy [4, 5] for a half interval in BTZ black strings
with ETW branes. Holographic entanglement entropy at t = 0 is calculated by the length
of the geodesics on t = 0 slice that starts from the cutoff surface and end on the ETW
brane[29, 30]4. The answer is
SA =
∫ rH
r0
dr
lAdS√
r2 − r2H
+
∫ rB
rH
dr
lAdS√
r2 − r2H
=
lAdS
4GN
log
r0 +
√
r20 − r2H
rH
+
lAdS
4GN
log
1 + T lAdS√
1− (T lAdS)2
=
lAdS
4GN
log
r0 +
√
r20 − r2H
rH
+
lAdS
4GN
arctanh(T lAdS), (2.26)
where rB = r(0) =
rH√
1−(T lAdS)2
. The second contribution in this expression of holographic
entanglement entropy is exactly equal to the boundary entropy log g obtained from the
holographic disk partition function in AdS/BCFT setup [29][30] when we take the limit
rH → r0. Therefore, this is equivalent to putting c3 log 4δpi + c′1 = 0 in (2.5) Let us keep rH to
be different from r0 but to be the same order i.e. to keep the ratio rH/r0 to be finite. Then
(2.26) does not have UV divergence but becomes finite. This corresponds to the fact that
the log δ

term in (2.5) is finite when we take δ to be a cutoff scale . This is not true for the
volume or the action case as we will see in later chapters.
Now, boundary states with UV reguralization have finite entanglement entropy after
removing the logarithmic term c
3
log 4δ
pi
and non universal constant term c′1. This finite
3This calculation only mean that there are no entanglement which is leading in 1/N expansion.
4In this case, we can consider geodesics that end on the ETW brane. This corresponds to the fact that
one point function can have expectation value in BCFT.
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entanglement builds new region that is a part of the right side of the black hole according to
the relation of entanglement and bulk geometry [7]. It is interesting that the entanglement
in boundary state create the region that are not causally connected to the cutoff surface,
which will be related to entanglement wedge reconstruction [49].
Holographic entanglement entropy for an interval with length x is also easily computed.
There are two configurations for geodesics. The first configuration is two disconnected
geodesics that end on the ETW brane. For this case, holographic entanglement entropy
is given by
Sdis =
lAdS
2GN
log
r0 +
√
r20 − r2H
rH
+
lAdS
2GN
arctanh(T lAdS) (2.27)
The second configuration is the connected geodesics. For this case, holographic entanglement
entropy is given by
Scon =
lAdS
4GN
arccosh
( r20
r2H
cosh
rHx
l2AdS
+ 1
)
(2.28)
The value of holographic entanglement entropy is given by the minimal one of
SA = min{Sdis, Scon} (2.29)
In rH → r0 limit, we obtain
Sdis =
lAdS
2GN
arctanh(T lAdS)
Scon =
lAdS
4GN
r0x
l2AdS
(2.30)
When we take T = 0, this geometry is the one that is obtained in [8]5. In this case ETW
brane is obtained as the fixed point of orbifold of the original eternal black hole. There are
no entanglement in the leading of 1/N expansion at t = 0 when we take rH → r0 limit.
Therefore, we can think of them as a holographic realization of product states.
When T < 0, the configuration of ETW brane is again given by
r(t) =
rH√
1− (T lAdS)2
√
1− (T lAdS)2 tanh2 rHt
l2AdS
, (2.31)
but now the ETW brane is located on the left side in which they are causally connected
to the asymptotic boundary. In this T < 0 case, the boundary entropy becomes negative.
From the view of entanglement/geometry connection, negative boundary entropy eliminate
a part of geometry from the original left asymptotic region and also from the inside of black
holes. This configuration can be seen as a model of gravitational collapse. Initially the shell
5T = 0 cases have stringy realization. For example, in the duality between type IIA sting and ABJM
theory[50], O8 plane with 8 D8 branes realizes such a ETW brane[30]. After lifting to M theory that becomes
Horava-Witten wall [51].
9
represented by the ETW brane is located on the r = rH√
1−(T lAdS)2
surface. The radius of the
ETW brane shrinks along the trajectory (2.31) and finally makes a black hole.
In negative tension case we can not pull the horizon to the cutoff surface. Because the
maximal radius of the ETW brane on the right outside region is r = rH√
1−(T lAdS)2
, the maximal
horizon radius is rH =
√
1− (T lAdS)2r0, which is smaller than the cutoff radius r0. In this
limit rH →
√
1− (T lAdS)2r0 the ETW brane comes in contact with the cutoff surface at
t = 0. There are no holographic entanglement and product states are realized in the dual
CFT with a suitable UV cutoff.
3 Volume and Action for duals of local EPR pairs
Before going to study the complexity for holographic duals of boundary states, we study
holographic complexities for two sided black holes, which are dual to maximal entanglement
without vertical entanglement. The results are applicable to single sided case with tensionless
ETW brane because geometric quantities are essentially given by the half of those of eternal
black holes. We concentrate on the calculation at t = 0.
3.1 Volume cases
The complexity = volume conjecture suggests the following correspondence:
CV =
V
GN lAdS
(3.1)
where V is the maximal volume that end on the time slice of AdS boundary where CFT
states are defined.
A useful coordinate for the calculation of volumes is the following one:
ds2 = −r
2 − r2H
l2AdS
dt2 +
l2AdS
r2 − r2H
dr2 + r2dφ2, (3.2)
where lAdS is the AdS radius and rH is the horizon radius. φ is related to the boundary space
coordinate x via φ = x/lAdS. We use L to represent the period of x direction
∫
dx, which
is the 1 dimensional volume of space direction that the boundary theory lives in. The black
hole temperature is given by δ = 2pil2AdS/rH , which is identified with the smearing parameter
of the thermo field double state(2.9) in CFT side.
It is easy to evaluate the volume at t = 0 in this coordinate. The answer is
V = lAdS
∫
dφdr
√
r2
r2 − r2H
= 2lAdS · L
lAdS
∫ r0
rH
dr
r√
r2 − r2H
= 2L
√
r20 − r2H , (3.3)
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and the holographic complexity defined by the volume is
CV =
V
GN lAdS
=
2L
GN lAdS
√
r20 − r2H
= 3c
L

√
1−
(pi
2δ
)2
. (3.4)
where we used Brown-Henneaux central charge c = 3lAdS
2GN
[52]. We can see that CV vanishes
when we take δ = pi/2 i.e. rH → r0 limit.
When we consider single sided case, the volume is given by the half of (3.3), that becomes
again 0 in rH → r0 limit. This shows that the holographic complexity vanishes for a state
without entanglement.
In the volume case, when we take rH to be a cutoff scale r0 but to be different from r0,
the volume (3.4) is UV divergent. This is different from entanglement cases (2.5) and (2.26),
where they are finite in this parameter regime.
3.2 Action cases
The complexity= action conjecture proposes the following correspondence[12][13]:
C =
AWdW
pi~
(3.5)
where AWdW is the value of on shell action SWdW evaluated on so called Wheeler de Witt
(WdW) patch. Here, the action functional on WdW patch is defined by
SWdW =
1
16piGN
∫
WdW
√−g(R− 2Λ) + 1
8piGN
∫
bdy
√−γK + Snull bdy + Sjoint + Sct (3.6)
where first two terms are usual Einstein-Hilbert action and Gibbons-Hawking term [53] for
boundaries which are spacelike or timelike. On the other hand, Snull bdy is the action for null
boundaries and given by
Snullbdy =
1
8piGN
∫
κ
√
γdλdθd−2. (3.7)
where κ satisfies kβ∇βkα = κkα for a null generator kα on the null surfaces, λ is a parameter
on the null generator kα, and θA(A = 1, · · · , d− 2) is constant on each null generator. This
term can be set to 0 by taking the affine parametrization on the null boundary. In this paper
we use affine parametrization on the boundary and set this term to be 0. Sjoint are terms
that comes from the joints of boundaries[39] and take the form of
Sjoint =
1
8piGN
∫ √
γdθd−2a, (3.8)
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where a is given by the logarithm of the inner products of normal vectors of jointing surfaces
when one of them is null. This term is ambiguous under the rescaling of affine parametriza-
tion. There is also a counter term[39][41][42] on the null boundary
Sct =
1
8piGN
∫
λdθd−2
√
γΘ log(lctΘ), (3.9)
where Θ = ∂λ log
√
γ. If we include this counter terms, they eliminate the affine parametriza-
tion dependence of Sjoint.
To evaluate the action, the following Kruscal metric is useful:
ds2 = −l2AdS
4dudv
(1 + uv)2
+ r2H
(1− uv)2
(1 + uv)2
dφ2 (3.10)
In this coordinate, uv = −1 corresponds to the boundary and uv = 1 is the singularity of
BTZ black hole. On the other hand, uv = 0 is the black hole horizon and u = v = 0 is the
bifurcation surface. The right out side region is given by v > 0, u < 0.
The on-shell value of Einstein-Hilbert term is evaluated as
1
16piGN
∫ √−g(R− 2Λ) = 1
16piGN
∫ √−g(R− 2d− 2
2d
R)
=
1
16piGN
2
d
∫ √−gR
= − 1
8piGN
d− 1
l2AdS
∫ √−g. (3.11)
Therefore it reduces to the spacetime volume of the WdW patch. Especially, when we
consider BTZ black holes (d = 3), this becomes
1
16piGN
∫ √−g(R− 2Λ) = − 1
4piGN l2AdS
∫ √−g (3.12)
Note that the bulk contribution is always negative, because the space time volume is always
positive.
It should be noted that the regularization of the action on Wheeler de Witt patch is not
unique[40]. In this paper we consider two type of regularization that are considered in [40].
The first one is the WdW patch that ends on the cutoff surface. The second regularization
is the WdW patch that ends on the asymptotic AdS boundary and then introduce a cutoff
surface. They are shown in fig. 2.
3.2.1 Regularization 1
In this case, there are no boundary which is timelike or spacelike. Therefore, we only need to
calculate the Einstein-Hilbert term, the joint term and the counter term action. The WdW
patch with cutoff surface is given by the following region:
−
√
r0 − rH
r0 + rH
≤ u, v ≤
√
r0 − rH
r0 + rH
. (3.13)
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Figure 2: Two regularizations of the WdW patch. The left picture is the first regulariza-
tion, in which the WdW patch ends on the cutoff surface. The right picture is the second
regularization, in which the WdW patch end on the asymptotic AdS boundary.
The Einstein-Hilbert term contribution is
Sbulk = − L
2piGN lAdS
(
r0 − r
2
H
r0
)
(3.14)
The joint term contribution is
Sjoint = − L
4piGN lAdS
r0 log
αα˜l2AdS
r20 − r2H
+
L
4piGN lAdS
r2H
r0
log
( r20
r2H
αα˜l2AdS
r20 − r2H
)
. (3.15)
where α, α˜ is the normalization of affine null normals on each null surface. The counter term
contribution is
Sct =
L
4piGN lAdS
(
2r0 + r0 log
αα˜l2ct
r20
)
− L
4piGN lAdS
(
2
r2H
r20
+
r2H
r0
log
αα˜l2ct
(r2H/r0)
2
)
, (3.16)
where lct is a dimensionful parameter that is needed to introduce the counter term[39, 41, 42].
Therefore, holographic complexity for the action is
CA =
Sbulk + Sjoint + Scounter
pi
=
L
4pi2GN lAdS
[
− 2r0 + 2r
2
H
r0
− r0 log αα˜l
2
AdS
r20 − r2H
+
r2H
r0
log
( r20
r2H
αα˜l2AdS
r20 − r2H
))
+
(
2r0 + r0 log
αα˜l2ct
r20
)
−
(
2
r2H
r20
+
r2H
r0
log
αα˜l2ct
(r2H/r0)
2
)]
=
L
4pi2GN lAdS
(
r0 log
(r20 − r2H)l2ct
r20l
2
AdS
− r
2
H
r0
log
(r20 − r2H)l2ct
r2H l
2
AdS
)
(3.17)
This becomes 0 when we take rH → r0 limit. Note that this results does not depend on the
choice of lct.
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We can also consider the action without the counter term, which now depends on the
choice of the affine parametrization on the null boundaries:
CA =
Sbulk + Sjoint
pi
=
L
4pi2GN lAdS
(
− 2r0 + 2r
2
H
r0
− r0 log αα˜l
2
AdS
r20 − r2H
+
r2H
r0
log
( r20
r2H
αα˜l2AdS
r20 − r2H
))
This also becomes 0 when we take rH → r0 limit. This is because the contribution from
Sbulk, Sjoint and Sct independently reduce to 0. Therefore, even when we omit the counter
term, this result does not depend on the choice of the affine parametrization on the null
boundaries. These facts suggest that the reference state of complexity is chosen to a product
state in this regularization of WdW patch.
3.2.2 Regularization 2
Next we consider the second regularization, in which the WdW patch end on the asymptotic
boundary and then cutoff surfaces are introduced on r = r0. The WdW patch are given
by the region −1 ≤ u, v ≤ 1 which also satisfy r ≤ r0. In this regularization, the cutoff
surface is a timelike boudnary. Therefore, we also need to compute the contribution from
the Gibbons Hawking term. The Einstein Hilbert term contribution is
SEH = − L
2piGN lAdS
rH
(
1 +
2rH
√
r0 − rH√
r0 + rH +
√
r0 − rH −
√
r20 − r2H
(
√
r0 + rH −
√
r0 − rH)2 log
r0 − rH
r0 + rH
)
.
(3.18)
The Gibbons-Hawking term contribution is
SGH =
L
4piGN lAdS
(2r20 − r2H)
rH
log
r0 + rH
r0 − rH . (3.19)
The contribution from joint term is
Sjoint = − L
4piGN lAdS
r0 log
αα˜l2AdS
r20 − r2H
. (3.20)
The the counter term contribution is
Sct =
L
4piGN lAdS
(
2r0 + r0 log
αα˜l2ct
r20
)
. (3.21)
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Therefore, complexity becomes
CA =
SEH + SGH + Sjoint + Sct
pi
=
L
4pi2GN lAdS
(
− 2rH − 4rH
√
r0 − rH√
r0 + rH +
√
r0 − rH +
2rH
√
r20 − r2H
(
√
r0 + rH −
√
r0 − rH)2 log
r0 − rH
r0 + rH
+
(2r20 − r2H)
rH
log
r0 + rH
r0 − rH − r0 log
αα˜l2AdS
r20 − r2H
+ 2r0 + r0 log
αα˜l2ct
r20
)
=
L
4pi2GN lAdS
(
2(r0 − rH)− 4rH
√
r0 − rH√
r0 + rH +
√
r0 − rH +
2rH
√
r20 − r2H
(
√
r0 + rH −
√
r0 − rH)2 log
r0 − rH
r0 + rH
+
(2r20 − r2H)
rH
log
r0 + rH
r0 − rH + r0 log
(r20 − r2H)l2ct
r20l
2
AdS
)
(3.22)
In rH → r0 limit, the complexity takes a simple form:
CA =
L
2pi2GN lAdS
[
r0 log
2lct
lAdS
]
=
c
3pi2
L

log
2lct
lAdS
(3.23)
If we do not include the counter term, we obtain
CA =
L
2pi2GN lAdS
r0 log
2r0√
αα˜lAdS
− L
2piGN lAdS
r0
=
c
3pi2
L

log
2lAdS√
αα˜
− c
3pi2
L

(3.24)
which is 1

log 1

divergent behavior that found earlier in the regularization without counter
terms [40]. In this regularization of WdW patch complexity have UV divergence for (EPR)
pairs with vertical entanglement.
3.3 Volume and action for T = 0 boundary states
The solution with ETW branes for T = 0 (tensionless) is obtained by the Z2 orbifold of
eternal black holes. Correspondingly, the volume and action is obtained by the half of the
results for eternal black holes. Here we summarize the results for tensionless boundary states
case. The volume becomes the half of (3.4):
CV =
L
GN lAdS
√
r20 − r2H . (3.25)
The action with regularization 1, in which the WdW patch ends on the cutoff surface, is the
half of (3.17):
CA =
L
8pi2GN lAdS
(
r0 log
(r20 − r2H)l2ct
r20l
2
AdS
− r
2
H
r0
log
(r20 − r2H)l2ct
r2H l
2
AdS
)
. (3.26)
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The action with regularization 2, in which the WdW patch ends on the cutoff surface, is the
half of
CA =
L
8pi2GN lAdS
(
2(r0 − rH)− 4rH
√
r0 − rH√
r0 + rH +
√
r0 − rH +
2rH
√
r20 − r2H
(
√
r0 + rH −
√
r0 − rH)2 log
r0 − rH
r0 + rH
+
(2r20 − r2H)
rH
log
r0 + rH
r0 − rH + r0 log
(r20 − r2H)l2ct
r20l
2
AdS
)
(3.27)
rH → r0 limit behaviors are also the same. In this limit, the volume and the action with
regularization 1 reduces to 0. On the other hand, the action with regularization 2 becomes
CA =
L
4pi2GN lAdS
[
r0 log
2lct
lAdS
]
. (3.28)
We will confirm this in the next section by taking the tensionless limit of general results for
non zero tension cases.
4 Volume and Action for Boundary state with non-
zero boundary entropy
In this section we consider holographic dual of boundary state with non-zero boundary
entropy. As is the case with the thermofield double state, we have the Hawking-Page
transition[54] in AdS/BCFT setup[29][30] when we vary the black hole radius. Because
we are interested in the high temperature limit, we only consider the black hole phases.
4.1 Volume cases
In this subsection, we consider the CV conjecture. The volume is given by that of the t = 0
codimension 1 slice that start from the cutoff surface and end on the ETW brane. As is the
case with holographic entanglement entropy, we can separate the volume to two part. The
first one is the volume of the t = 0 slice that starts from the cutoff surface and end on the
bifurcation surface. This contribution is given by
V1 =
∫
dφ
∫ r0
rH
dr r
lAdS√
r2 − r2H
= L
√
r20 − r2H . (4.1)
The second one starts from the bifurcation surface and end on the ETW brane. This is given
by
V2 = L
√
r2B − r2H = LrH
T lAdS√
1− (T lAdS)2
. (4.2)
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Therefore, the total holographic complexity for the volume is given by
CV =
V1 + V2
GN lAdS
=
L
GN lAdS
(√
r20 − r2H + rH
T lAdS√
1− (T lAdS)2
)
=
2c
3
L

(√
1−
(pi
2δ
)2
+
pi
2δ
T lAdS√
1− (T lAdS)2
)
, (4.3)
where we translate the result using CFT quantities. This is one of the main results in this
paper. It is interesting to note that (4.2) gives a temperature dependent contribution to
complexity, though the contribution behind the horizon is finite for entanglement entropy.
In T > 0 case, by taking rH → r0 limit, we obtain
CV =
lAdS
GN
T lAdS√
1− (T lAdS)2
L

. (4.4)
This is volume law divergent.
In T < 0 case, when rH =
√
1− (T lAdS)2r0 the horizon comes in contact with the cutoff
surface and entanglement entropy vanishes. In this limit, the complexity becomes
CV = 0. (4.5)
Therefore, even in this case complexity becomes 0 when entanglement entropy reduces to 0.
4.2 Action cases
In the complexity equals action case, we consider the two ways of regularization of Wheeler
de Witt patch, as noted in the section 3.
4.2.1 Regularization 1
In this case, the configuration of the WdW patch depends on the horizon radius. When
rH > TlAdSr0, the null boundaries end on the black hole singularities. This is always satisfied
for negative tension case. On the other hand, when rH < TlAdSr0 the null boundaries end
on the ETW branes. Here we consider both cases.
First we consider the case that rH > TlAdSr0. The Einstein-Hilbert term contribution
becomes
SEH = − L
4piGN lAdS
[
rH
(T lAdS)
2
1− (T lAdS)2 + (r0 − rH)
+rH
(r0 − rH)(1− 2(T lAdS)2) + 2
√
r20 − r2HT lAdS
√
1− (T lAdS)2
r0(1− (T lAdS)2)
]
. (4.6)
The Gibbons-Hawking term contribution becomes
SGH =
L
4piGN lAdS
[
rH
(T lAdS)
2
1− (T lAdS)2 + rH
−(r0 − rH)(T lAdS)2 +
√
r20 − r2HT lAdS
√
1− (T lAdS)2
r0(1− (T lAdS)2)
]
.(4.7)
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Figure 3: The left picture describes the configuration of WdW patch for rH > TlAdSr0. The
right picture is the one for rH < TlAdSr0.
The joint term contribution becomes
Sjoint =
L
8piGN lAdS
rH
√
1− (T lAdS)2rH − T lAdS
√
r20 − r2H√
1− (T lAdS)2r0
log(1− (T lAdS)2) r
2
0
r2H
αα˜l2AdS
r20 − r2H
− L
8piGN lAdS
r0 log
αα˜l2AdS
r20 − r2H
. (4.8)
The counter term contribution becomes
Sct = − L
8piGN lAdS
(
2rH
√
1− (T lAdS)2rH − T lAdS
√
r20 − r2H√
1− (T lAdS)2r0
+rH
√
1− (T lAdS)2rH − T lAdS
√
r20 − r2H√
1− (T lAdS)2r0
log
αα˜l2ct(1− (T lAdS)2)r20
r2H(
√
1− (T lAdS)2rH − T lAdS
√
r20 − r2H)2
)
+
L
8piGN lAdS
(
2r0 + r0 log
αα˜l2ct
r20
)
. (4.9)
Therefore, the complexity becomes
CA =
SEH + SGH + Sjoint + Sct
pi
=
L
8pi2GN lAdS
[
r0 log
(r20 − r2H)l2ct
r20l
2
AdS
−rH
√
1− (T lAdS)2rH − T lAdS
√
r20 − r2H√
1− (T lAdS)2r0
log
(r20 − r2H)2l2ct
(
√
1− (T lAdS)2rH − T lAdS
√
r20 − r2H)2l2AdS
]
(for r0 < TlAdSrH). (4.10)
The Einstein-Hilbert term and the Gibbons-Hawking term contributions are cancelled with
parts of the counter term contribution and finally joint term and counter term contributions
remain finally.
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Next we consider the rH < TlAdSr0 case. In this case, the Einstein Hilbert term contri-
bution is
SEH = − L
4piGN lAdS
[(
r0 − r
2
H
r0
)
+ rH
1 + 2T lAdS
1 + T lAdS
+ rH
(T lAdS)
2
1− (T lAdS)2
+
1
2
log
r0 − rH
r0 + rH
+ rHarctanh(T lAdS)
]
. (4.11)
The Gibbons-Hawking term contribution is
SGH =
LrH
4piGN lAdS
[ (T lAdS)2
1− (T lAdS)2 +
T lAdS
1 + T lAdS
]
(4.12)
The joint term contribution is
Sjoint = − L
8piGN lAdS
r0 log
αα˜l2AdS
r20 − r2H
. (4.13)
The counter term contribution is
Sct =
L
8piGN lAdS
(
2r0 + r0 log
αα˜l2ct
r20
)
. (4.14)
Therefore, the complexity becomes
CA =
SEH + SGH + Sjoint + Sct
pi
=
L
4piGN lAdS
[
r0 log
r0lct√
r20 − r2H lAdS
− rH log
√
r0 − rH
r0 + rH
− rH − rHarctanh(T lAdS)
]
(r0 > TlAdSrH).(4.15)
(4.10) and (4.15) are one of main results in this paper. Note that when T = 0, (4.10)
reduces to the half of the results in eternal black holes (3.17). Because the tension dependent
term have a minus sign, they contribute negatively. This is different behavior from the volume
case (4.3), in which the contribution from the tension dependent term is positive for positive
tension T > 0. A relative sign of additional term compared to the volume can be observed in
[55], in which the geometry behind the horizon at t = 0 is given by the higher genus surface.
When we take the horizon radius rH to be the cutoff radius r0, almost all contributions
cancel and we obtain a simple expression:
CA =
L
8piGN lAdS
r0 log(1− (T lAdS)2). (4.16)
This is the value of action behind the horizon. Note that this expression does not depend
on the choice of counter term scale lct. This is because the counter term integral on horizon
vanishes. This also means that even we omit the counter term, the result does not depend
on the choice of the affine parametrization on each null boundary.
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When rH = r0
√
1− (T lAdS)2, the cutoff surface r = r0 contacts with the ETW brane in
Euclidean signature and in Lorentzian signature for negative tension ETW branes. In this
case, complexity reduces to
CA =
L
8piGN lAdS
[
r0 log
(T lAdS)
2l2ct
l2AdS
−r0[1− (T lAdS)2(1 + sgn(T ))] log (T lAdS)
2l2ct
[1− (T lAdS)2(1 + sgn(T ))]2l2AdS
]
. (4.17)
where sgn(T ) is the sign of the ETW brane tension T . Especially for T < 0 this van-
ishes. This is because there are no spacetime within the Wheeler de Witt patch. Both of
entanglement entropy (2.26) and the complexity reduce to 0 in this limit.
4.2.2 Regularization 2
In this case, the result depend on the sign of tension of ETW brane. When T > 0, the null
boundaries end on the black holes singularities. On the other hand, T < 0 case the null
boundaries end on the ETW branes.
Figure 4: The left picture describes the configuration of the WdW patch for T > 0. The
right picture is the configuration of the WdW patch for T < 0. T = 0 cases can be considered
as special limits of both cases.
First we consider the T > 0 case. the Einstein-Hilbert term contribution is
SEH = − L
4piGN lAdS
[
rH
(T lAdS)
2
1− (T lAdS)2 + rH
1 + 2T lAdS
1 + T lAdS
+ rHarctanh(T lAdS)
+
2rH
√
r0 − rH√
r0 + rH +
√
r0 − rH −
√
r20 − r2H√
r0 + rH −
√
r0 − rH log
r0 − rH
r0 + rH
.
]
(4.18)
The Gibbons-Hawking term contribution is
SGH =
L
4piGN lAdS
[
rH
(T lAdS)
2
1− (T lAdS)2 + rH
T lAdS
1 + T lAdS
+
2r20 − r2H
rH
log
√
r0 − rH
r0 + rH
]
. (4.19)
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The joint term contribution is
Sjoint = − L
4piGN lAdS
r0 log
√
αα˜lAdS√
r20 − r2H
. (4.20)
The counter term contribution is
Sct =
L
4piGN lAdS
(
r0 + r0 log
√
αα˜lct
r0
)
. (4.21)
Therefore, complexity becomes
CA =
SEH + SGH + Sjoint + Sct
pi
=
L
4pi2GN lAdS
(
(r0 − rH)− 2rH
√
r0 − rH√
r0 + rH +
√
r0 − rH +
rH
√
r20 − r2H
(
√
r0 + rH −
√
r0 − rH)2 log
r0 − rH
r0 + rH
+
(2r20 − r2H)
rH
log
√
r0 + rH
r0 − rH + r0 log
√
(r20 − r2H)lct
r0lAdS
− rHarctanh(T lAdS)
)
. (4.22)
When we take T → 0, this reduces to the result of tensionless case (3.27). In rH → r0 limit,
this reduces to
CA =
L
4pi2GN lAdS
r0
(
log
2lct
lAdS
− arctanh(T lAdS)
)
. (4.23)
Note that this is proportional to r0 and UV divergent. The tension dependent term con-
tributes negatively, and arctanh(T lAdS) can be arbitrarily large.
If T < 0, the null boundaries end on the ETW brane. Then, the Einstein-Hilbert term
contribution is
SEH = − L
4piGN lAdS
[
rH
(T lAdS)
2
1− (T lAdS)2 + rH
1− 2(T lAdS)2 + 2T lAdS
√
1− (T lAdS)2
1− (T lAdS)2
+
2
√
r0 − rH√
r0 + rH +
√
r0 − rH −
rH
√
r20 − r2H
(
√
r0 + rH −
√
r0 − rH)2 log
r0 − rH
r0 + rH
]
. (4.24)
The Gibbons-Hawking term contribution is
SGH =
L
4piGN lAdS
[
rH
(T lAdS)
2
1− (T lAdS)2 + rH
−(T lAdS)2 + T lAdS
√
1− (T lAdS)2
1− (T lAdS)2
+
2r20 − r2H
rH
log
√
r0 + rH
r0 − rH
]
. (4.25)
The joint term contribution is
Sjoint = − L
8piGN lAdS
rH
T lAdS√
1− (T lAdS)2
log
(1− (T lAdS)2)αα′l2AdS
r2H
− L
8piGN lAdS
r0 log
αα′l2AdS
r20 − r2H
.(4.26)
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The counter term term contribution is
Sct =
L
8piGN lAdS
(
2rH
T lAdS√
1− (T lAdS)2
+ rH
T lAdS√
1− (T lAdS)2
log
(1− (T lAdS)2)αα′l2ct
r2H(T lAdS)
2
)
+
L
8piGN lAdS
(
2r0 + r0 log
αα′l2ct
r20
)
(4.27)
Therefore, the complexity is given by
CA =
SEH + SGH + Sjoint + Sct
pi
=
L
8piGN lAdS
[
2(r0 − rH)− 4rH
√
r0 − rH√
r0 + rH +
√
r0 − rH
+
2rH
√
r20 − r2H
(
√
r0 + rH −
√
r0 − rH)2 log
r0 − rH
r0 + rH
+
2r20 − r2H
rH
log
r0 + rH
r0 − rH
+rH
T lAdS√
1− (T lAdS)2
log
(T lAdS)
2l2ct
l2AdS
+ r0 log
(r20 − r2H)l2ct
r20l
2
AdS
]
. (4.28)
When rH = r0
√
1− (T lAdS)2, the cutoff surface comes in contact with the ETW brane at
t = 0. In this limit, the complexity becomes
CA =
Lr0
8piGN lAdS
[
2(1−
√
1− (T lAdS)2)− 4
√
1− (T lAdS)2(1−
√
1− (T lAdS)2)
1− T −√1− (T lAdS)2
−T lAdS
√
1− (T lAdS)2
1 + T lAdS
log
1−√1− (T lAdS)2
1 +
√
1− (T lAdS)2
+
1 + (T lAdS)
2√
1− (T lAdS)2
log
1 +
√
1− (T lAdS)2
1−√1− (T lAdS)2
+(1 + T lAdS) log
(T lAdS)
2l2ct
l2AdS
.
]
(4.29)
In this regularization, even in rH = r0
√
1− (T lAdS)2 limit the complexity does not reduces
to 0 though entanglement entropy (2.26) reduces to 0. This is because in this regularization
the WdW patch does not vanish as is the case with the T = 0 result(3.27). We found that
in T → 0 limit reduces to the T = 0 results (3.28).
5 Conclusion and Discussion
In this paper we studied the volume and the action, which are conjectured to be duals of the
complexity in CFTs, both in eternal black holes and pure state black holes in AdS3/BCFT2
setup proposed in [29][30]. In this setup, the geometry havs end of the world (ETW) branes
which have tension T . We studied the tension dependence of the volume and the WdW
action for t = 0 carefully. When the horizon radius rH and cutoff radius r0 satisfy rH =
r0
√
1− (T lAdS)2, the ETW brane comes in contact with the cutoff surface for negative
tension in Lorentzian signature and for both sign of tension in Euclidean signature. If
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tension is positive, the horizon contacts to the cutoff surface when rH = r0. We studied the
behavior of the volume and the action in these limits.
We found that the volume increases when tension is positive (T > 0) and decreases
when tension is negative (T < 0). When the ETW brane comes in contact with the cutoff
surface, volume reduces to 0. Because entanglement entropy also reduces to 0 in this limit,
a CFT dual of the volume becomes 0 on product states. Through the complexity = volume
conjecture[9][10], this suggests that a reference state of the complexity is a product state.
The Wheeler de Witt patch can be regularized in different ways. We studied two regular-
izations that are proposed in [40]. For both cases, we give the analytic form of total action
at t = 0. In the first regularization, in which the WdW patch ends on the cutoff surface, the
total action vanishes when the horizon or the ETW brane contact with the cutoff surface.
Through the complexity=action conjecture[12][13], this suggests that the reference state of
complexity is a product state because entanglement entropy also reduces to 0, which means
the state is a product state. This 0 complexity are achieved in the geometry with T = 0
ETW branes, which have a string/M theory realization[51]. In the second regularization, in
which the WdW patch ends on the asymptotic AdS boundary and then cutoff surface are
introduced, the total action does not vanish even when the ETW brane or the black hole
horizon contact with the cutoff surface but have UV divergence. This is because the WdW
patch does not vanish in this limit. In this regularization, the reference state are taken to
be a different state from the states that we studied. It is an interesting future work to study
which states leads to 0 complexity in this regularization. We expect that our method to
study a product state limit in gravity side will be useful to study other geometric quantities
which are duals of information theoretic quantities in CFTs.
There are several future problems. In this paper, we only consider the volume and the
action at t = 0. The time dependence of the volume and the action with the regularization
in which the WdW patch end on the asymptotic AdS boundary, this is done in [56]. The
time dependence with finite cutoff is also studied in [57]. Because we only see the leading of
1/N expansion, it is interesting to study the subleading term, which is quantum correction
in gravity, for both in holographic entanglement entropy and holographic complexity. It is
interesting to study the time dependence of the volume and action for boundary states in
the limit that the ETW brane or the black horizon contact with the cutoff surface. Another
interesting problem is the complexity for boundary states in Nearly AdS2/Nearly CFT1
setup. In [58], boundary states for the SYK model are proposed. 2d dilaton gravity solutions
which share similar properties with SYK boundary states are also considered. It is interesting
future problem to study the complexity in this setup.
Note added:
When this paper was in the final stage, the paper [56] appeared on the arXiv, in which they
also computed the volume and the action in the AdS/BCFT setup. The paper [57] also
appeared on the arXiv, in which they argue the effect of cutoff on the time evolution of the
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complexity.
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A Boundary states in 1+1 dimensional Conformal Field
Theory
We summarize the basic properties of 1 + 1 dimensional Boundary Conformal Field Theory
(BCFT). In BCFT, we put CFT on a manifold with boundaries. We impose a perfect
reflection condition to the energy momentum tensor on boundaries, which means that we
keep the half of the conformal symmetry.
A.1 notation of conformal field theory
In this subsection we summarize the notation of 2d conformal field theories. In 2d CFTs, the
conformal symmetry SO(2, 2) ' SL(2,R)L×SL(2,R)R is enhanced to an infinite dimensional
symmetry called as Virasoro symmetry. The generators of them are denoted as {Ln}n∈Z for
left-moving sector and {L˜n}n∈Z fpr right-moving sector. The commutation relation of them
are given by
[Ln, Lm] = (n−m)Ln+m + c
12
(n3 − n)δn+m,0,
[L˜n, L˜m] = (n−m)L˜n+m + c
12
(n3 − n)δn+m,0, (A.1)
where c is the central charge of a given 2d CFT. These generators are related to the energy
momentum tensors. The energy momentum tensor is expanded as
T (z) =
∑
n∈Z
Lnz
−n−2, T˜ (z¯) =
∑
n∈Z
L˜nz¯
−n−2 (A.2)
The vacuum state is given by
Ln |0〉 = L˜n |0〉 = 0, (n ≥ −1). (A.3)
and this commutation relations are expressed as the OPE of the energy momentum tensor:
T (z)T (w) ∼ c
2(z − w)4 +
2T (w)
(z − w)2 +
∂T (w)
z − w + · · ·
T˜ (z¯)T˜ (w¯) ∼ c
2(z¯ − w¯)4 +
2T˜ (w¯)
(z¯ − w¯)2 +
∂T˜ (w¯)
z¯ − w¯ + · · · (A.4)
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A highest weight state of the Virasoro algebra is denoted as |h〉L for left-moving sector and
|h¯〉R for right-moving sector. The vector |h, h¯〉 = |h〉L ⊗ |h¯〉R in the full Hilbert space is
called as a primary state and that satisfies
Ln |h, h¯〉 = L˜n |h, h¯〉 = 0, (n > 0)
L0 |h, h¯〉 = h |h, h¯〉 , L˜0 |h, h¯〉 = h¯ |h, h¯〉 . (A.5)
The descendant states are constructed as
· · · (L−n)kn(L−(n−1))kn−1 · · · (L−1)k1 |h〉L (A.6)
and similarly for right-moving sector. Then, we can choose an orthonormal basis |~k, h〉L,
where ~k = (k1, k2, · · · ) is an infinite dimensional vector and all components satisfy ki ∈ Z+.
The Hilbert space spanned by these vectors is denoted as Hh for left-moving modes and
similarly H¯h¯. The full Hilbert space is given by H =
∑
h,h¯Mh,h¯Hh ⊗ H¯h¯. The matrixMh,h¯
is chosen to satisfy the modular invariance on a torus. When Mh,h¯ = δh,h¯, this model is
called as a diagonal model. In this paper we focus on these cases.
A.2 construction of boundary states
Let us consider a semi infinite cylinder which is a simple example of manifolds with bound-
aries. For simplicity, we only consider diagonal modular invariant models. This cylinder can
be conformally mapped to a disk. In the open string picture, we think that this boundary is
located on a space and the boundary is static (in Euclidean signature). The Hilbert space
is defined on a half line with the boundary in this picture. In closed string picture, we think
that this boundary suddenly appears in (Euclidean) time. The Hilbert space is defined on a
circle in this picture, so there are no change in the Hilbert space. The existence of boundary
is expressed as a state in the closed string picture. This is so called a boundary state.
We keep the half of the conformal symmetry. This condition is expressed as
(T (z)− T˜ (z¯))||z|=1 |B〉 = 0. (A.7)
By applying the contour integral
∮
|z|=1, we obtain
(Ln − L˜−n) |B〉 = 0. (A.8)
In each sector, we can find a simple algebraic solution of (A.8):
|Ih〉〉 =
∑
~k
|~k, h〉L ⊗ |~k, h〉R . (A.9)
This is called as the Ishibashi state for the primary state |h, h〉[59, 60]. Ishibashi states are
maximally entangled state in each conformal sector. Actual boundary states that corresponds
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to physical boundary conditions are so called Cardy states[20]. Cardy states are given by
the sum of Ishibashi states:
|Bα〉 =
∑
h
Bαh|Ih〉〉 (A.10)
The Cardy states satisfy the consistency condition for partition functions on finite cylinders,
which means that the same answer is obtained from the open string picture and the closed
string picture. Open string partition function is given by Zopenα,β (t) =
∑
h n
h
α,βχh(e
−t) where
nhα,β is a non negative integer and χh(q) is a character for the sector h. Open-closed duality
says that this partition function should be related to the amplitude in boundary states via
the modular transformation. This condition is written as
〈Bα| e−l·H |Bβ〉 =
∑
h,h′
nhα,βShh
′
χh′(e
−t), (A.11)
where Shh′ is the modular S matrix and tl = pi. This gives constraint on the coefficient Bαh
and the solutions give the physical boundary conditions. Solving these constraints is a hard
problem. In rational CFTs, we can derive the solutions using the modular S matrices. We
can also solve this modular bootstrap problem in Liouville field theory. The AdS/BCFT
setup, on the other hand, satisfies two conditions and they give physical (Cardy) boundary
states holographically.
B Coordinates in AdS3
In this appendix we summarize the coordinates of AdS3 and BTZ black holes. The embedding
space of AdS3 is given by
−T 21 − T 22 +X21 +X22 = −l2AdS, (B.1)
and metric is induced from
ds2 = −dT 21 − dT 22 + dX21 + dX22 . (B.2)
A coordinate that covers the global AdS3 is
T1 = lAdS coshχ cos tg, T2 = lAdS coshχ sin tg
X1 = lAdS sinhχ sinϕ, X2 = lAdS sinhχ cosϕ, (B.3)
The metric for this global coordinate is given by
ds2 = l2AdS(− cosh2 χdt2g + dχ2 + sinh2 χdϕ2). (B.4)
By changing the coordinate coshχ = 1/ cos θ(sinhχ = tan θ), we obtain the metric that is
manifestly conformally equivalent to the Einstein static universe:
ds2 =
l2AdS
cos2 θ
(−dt2g + dθ2 + sin2 θdϕ2) (B.5)
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The Poincare coordinate of AdS3 is given by
T1 =
1
2z
(l2AdS + (z
2 − x20 + x21)), T2 = lAdS
x0
z
X1 = lAdS
x1
z
, X2 =
1
2z
(l2AdS − (z2 − x20 + x21)), (B.6)
and metric becomes
ds2 = R2
dz2 − dx20 + dx21
z2
. (B.7)
This coordinate covers only the half of the global AdS3 defined by T1 +X1 > 0.
To obtain the metric of BTZ black holes, we use the following embedding:
T1 = lAdS
v + u
1 + uv
=
lAdS
rH
√
r2 − r2H sinh
rHt
l2AdS
=
lAdS
rH
√
r2H − r2 cosh
rH t˜
l2AdS
,
T2 = lAdS
1− uv
1 + uv
cosh
rHφ
lAdS
=
r
rH
cosh
rHφ
lAdS
X1 = lAdS
v − u
1 + uv
=
lAdS
rH
√
r2 − r2H cosh
rHt
l2AdS
=
lAdS
rH
√
r2H − r2 sinh
rH t˜
l2AdS
,
X2 = lAdS
1− uv
1 + uv
sinh
rHφ
lAdS
=
r
rH
sinh
rHφ
lAdS
(B.8)
Then, the metric for the eternal BTZ black hole is given by
ds2 = − 4l
2
AdS
(1 + uv)2
dudv + r2H
(1− uv
1 + uv
)2
dφ2. (B.9)
with −1 < u, v < 1.
(r, t, φ) coordinate only covers the right exterior of BTZ black holes. The metric for
outside of the BTZ black hole is given by
ds2 = −r
2 − r2H
l2AdS
dt2 +
l2AdS
r2 − r2H
dr2 + r2dφ2. (B.10)
By analytic continuation of time t, we can go to the inside or the left exterior. For example,
we can go to the future interior by continuing t = t˜ − iβ/4 for real t˜ and the Hawking
temperature TH = 1/β. The metrics for interiors take the same form with that for exteriors,
but the roles of time and radial direction are exchanged.
C Brief summary of AdS/BCFT
We briefly summarize AdS/BCFT proposed in [29][30] . The general idea is to consider
another boundary that is the extension of boundary in CFT to the AdS bulk. This second
boundary can be seen as the end-of-the world (ETW) brane that emanate from the asymp-
totic boundary. We call AdS bulk as N , asymptotic AdS boundary M , and ETW brane Q.
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The end point of ETW brane Q on AdS boundary M is exactly the same with the location
of boundary in CFT. The general action for this holographic setup is
S =
1
16piGN
∫
N
√−g(R− 2Λ) + 1
8piGN
∫
M
√−hK + 1
8piGN
∫
Q
√−hK +
∫
Q
√−hLmatter.
(C.1)
The last two terms are new terms in this setup.
As usual, we impose Dirichlet boundary condition on the asymptotic boundary M . On
the other hand, we impose Neumann boundary condition on the ETW brane Q. This can be
seen as a natural extension of a system with gravity and point particles which are dynamical
and backreact to gravity. Here the ETW brane is dynamical and can backreacts to gravity.
Now, the well defined variational principle impose the following boundary equation of motion:
Kab −Khab = 8piGNTQab, (C.2)
where we defined the boundary matter stress energy tensor TQab = 2√−h
δIQ
δhab
for IQ =∫
Q
√−hLmatter.
Now, we move to a simple example with matter Lagrangian Lmatter = − T8piGN . In other
word, we consider the situation that the ETW brane has only tension T . Now, the boundary
equation of motion (C.2) becomes
Kab = (K − T )hab. (C.3)
The trace of this gives K = d
d−1T .
In poincare coordinate, we can give a simple solution of this equation. To realize the
symmetry of BCFT, we put thef following ansatz6:
ds2 = dρ2 + cosh2
ρ
lAdS
ds2AdSd , (C.4)
If we assume that −∞ < ρ <∞, then the above metric is equivalent to the AdSd+1 metric.
This can be confirmed by putting ds2AdSd = l
2
AdS
−dx20+dy2+d~w2
y2
, (~w ∈ Rd−2) and doing the
coordinate transformation from (ρ, y) to (z, x1) which is given by
z =
y
cosh ρ
lAdS
, x1 = y tanh
ρ
lAdS
, (C.5)
we obtain the AdSd+1 metric in Poincare coordinate:
ds2 = l2AdS
−dx20 + dz2 + dx21 + d~w2
z2
. (C.6)
6By using conformal symmetry of BCFT, we can determine the metric up to the following form ds2 =
dρ2 + e2A(ρ)ds2AdSd , where A(ρ) is a function of ρ. In other words, the warp factor which depend on A(ρ) is
not determined by the isometry SO(d− 1, 2) that corresponds to the conformal symmetry of BCFT.
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Now, we consider the ρ = ρ∗ slice. It is easy to derive the extrinsic curvature of this slice7:
Kab =
1
lAdS
tanh
ρ
lAdS
hab. (C.7)
Therefore the extrinsic curvature on this slice is proportional to the induced metric and can
give a solution of (C.3). By putting this to (C.3), ρ∗ is determined in terms of the brane
tension T :
T =
d− 1
lAdS
tanh
ρ∗
lAdS
. (C.8)
In Poincare patch, ETW branes are located at ρ = ρ∗ slice in (C.4) coordinate. In the
ordinary coordinate (C.6), ETW branes are located at
x1
z
= sinh
ρ∗
lAdS
(C.9)
Now we concentrate on AdS3 cases and construct pure boundary state black holes. In
three dimensional gravity, vacuum solutions are always locally AdS3. Actually, BTZ black
holes are given by the orbifolds of global AdS3. The embedding is given by (B.8).
we obtain the trajectory of the ETW brane:
T lAdS√
1− (T lAdS)2
=
√
r(t)2 − r2H
rH
cosh
rHt
l2AdS
. (C.10)
Induced metric on this coordinate is given by
ds2brane = −
r4H
l2AdS
( T lAdS
1− (T lAdS)2
)2 1
r(t)2
1
cosh4 rH t
l2AdS
dt2 + r(t)2dφ2. (C.11)
To get the Euclidean configuration, first we move to right exterior by t → −t + iβ
2
, by
analytically continuing τ = −it we obtain
T lAdS√
1− (T lAdS)2
= −
√
r(τ)2 − r2H
rH
cos
rHτ
l2AdS
. (C.12)
This is the configuration of ETW brane in Euclidean BTZ black holes[47]. Especially we
find that this ETW brane ends on the antipodal points of the thermal circle. These end
points are identified with the sudden appearance of the boundary in Euclidean time in path
integral preparation of regularized boundary states e−δ·H |B〉.
In the Kruskal coordinate, the configuration of the ETW brane is given by
X1 =
v − u
1 + uv
= − T lAdS√
1− (T lAdS)2
. (C.13)
7When the metric take the form ds2 = dr2 + habdx
adxb, then the extrinsic curvature on r = const slice
is given by Kab =
1
2
∂hab
∂r .
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This can be written as
u(v) =
√
1− (T lAdS)2v + T lAdS√
1− (T lAdS)2 − T lAdSv
. (C.14)
The derivative becomes
du
dv
=
1
(
√
1− (T lAdS)2 − T lAdSv)2
. (C.15)
The induced metric on the ETW brane is given by
ds2brane = −
4l2AdS
[1− (T lAdS)2](1 + v2)2dv
2 + r2H
[
√
1− (T lAdS)2(1− v2)− 2T lAdSv]2
[1− (T lAdS)2](1 + v2)2 dφ
2. (C.16)
In the interior, the location of the ETW brane is given by
T lAdS√
1− (T lAdS)2
=
√
r2H − r(t)2
rH
sinh
rH t˜
l2AdS
, (C.17)
and the induced metric on the ETW brane becomes
ds2brane = −
r4H
l2AdS
( T lAdS
1− (T lAdS)2
)2 1
r(t˜)2
1
sinh4 rH t˜
l2AdS
dt2 + r(t˜)2dφ2. (C.18)
D detail of computation of the action
In this section, we show some detail calculations of the action for the regularization 2 case
where the WdW patch ends on the cutoff surface.. It is convenient to divide the regions as
in the Figure5.
Figure 5: The left picture is the configuration for regularization 1 with positive tension
ETW branes for rH > TlAdSr0. The calculation for this configuration is also applicable
for negative tension cases. The right picture is the configuration for regularization 1 with
positive tension ETW branes for rH < TlAdSr0. If we decrease the temperature further, we
will see the Hawking-Page transition.
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D.1 Einstein Hilbert term and Gibbons Hawking term
We first consider the interior contribution. The contribution from the left region is∫
region1
√−g =
∫
dφ
∫ ∞
−∞
dt
∫ r(t)
rH
dr r =
1
2
L
lAdS
∫ ∞
−∞
dt (r(t)2 − r2H)
=
1
2
L
lAdS
r2H(T lAdS)
2
1− (T lAdS)2
∫ ∞
−∞
dt
1
cosh2(rHt/l2AdS)
= rH lAdSL
(T lAdS)
2
1− (T lAdS)2 (D.1)
The contribution from boundary 1 is∫
boundary1
√−γ = r
2
H
lAdS
T lAdS
1− (T lAdS)2
∫ ∞
−∞
dt
1
cosh2 rH t
l2AdS
∫
dφ
= 2rHL
TlAdS
1− (T lAdS)2 (D.2)
The contribution from the region 2 and 3 is∫
region2
√−g = 2rH l2AdS
∫ a
0
dv
∫ u(v)
0
du
1− uv
(1 + uv)3
∫
dφ
= 2rH lAdSL
∫ a
0
(
√
1− (T lAdS)2 − T lAdSv)(
√
1− (T lAdS)2v + T lAdS)
(1− (T lAdS)2)(1 + v2)
= 2rH lAdSL
2aT lAdS
√
1− (T lAdS)2 + a2(1− 2(T lAdS)2)
2(1 + a2)((1− (T lAdS)2) (D.3)
The contribution from the boundary 2 and 3 is∫
boundary2
√−γ = 2rH lAdS
∫ a
0
dv
∫
dφ
√
1− (T lAdS)2(1− v2)− 2T lAdSv
(1− (T lAdS)2)(1 + v2)2
= 2rHL
a
√
1− (T lAdS)2 − a2T lAdS
(1 + a2)(1− (T lAdS)2) (D.4)
The contribution from the region 4 is∫
region4
√−g = 2rH l2AdS
∫ a
0
dv
∫ 0
−a
1− uv
(1 + uv)3
∫
dφ
= 2rH lAdSL
a2
1− a2 (D.5)
If a > v∗ =
√
1−T lAdS
1+T lAdS
, the contribution from the region2 and 3 is changed as∫
region2
√−g = 2rH l2AdS
∫ v∗
0
dv
∫ u(v)
0
du
1− uv
(1 + uv)3
∫
dφ+ 2rH l
2
AdS
∫ a
v∗
dv
∫ v−1
0
du
1− uv
(1 + uv)3
∫
dφ
= 2rH lAdSL
1 + 2T lAdS
4 + 4T lAdS
+
rH lAdSL
2
(log a+ arctanh(T lAdS)) (D.6)
31
and contribution from the boundary 2 is∫
boundary2
√−γ = 2rH lAdS
∫ v∗
0
dv
∫
dφ
√
1− (T lAdS)2(1− v2)− 2T lAdSv
(1− (T lAdS)2)(1 + v2)2
= 2rHL
1
2 + 2T lAdS
(D.7)
D.2 Joint terms with Null surfaces
Joint terms are given by
Sjoint =
1
8piGN
∫
J
dd−1θ
√
γA (D.8)
where A is given by A12 = log |12k1 · k2|, A1 = − log |k1 · n| or A2 = − log |k2 · n| at J12, J1
or J2. The 1 forms that are orthogonal to each surface is
k1 = α(dt+
dr
f(r)
) = α
l2AdS
rH
1
v
dv (D.9)
k2 = α˜(−dt+ dr
f(r)
) = −α˜ l
2
AdS
rH
1
u
du (D.10)
n =
lAdS
1 + u(v)v
1
u′(v)
(du− u′(v)dv). (D.11)
where u(v) is the one given in C.14.
A1 = − log |k1 · n| = log
(√1− (T lAdS)2
2
(1 + a2)
lAdS
rH
αlAdS
a
)
(D.12)
A2 = − log |k2 · n| = log
(√1− (T lAdS)2
2
(1 + a2)
lAdS
rH
α˜lAdS
a
)
(D.13)
A12 = log
1
2
|k1 · k2| = 1
2
log
αα˜
4a2
( lAdS
rH
)2
(1− a2) (D.14)
D.3 Counter term on null boundaries
On v = v0 slice, counter term integral becomes
Sct =
1
8piGN
∫
dλdφ
√
γΘ log(lctΘ), (D.15)
with
∂
∂λ
= −α(1 + uv0)
2
2rHv0
∂
∂u
(D.16)
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and
Θ =
∂
∂λ
log
√
γ = −α(1 + uv0)
2
2rHv0
∂
∂u
log
(
rH
1− uv0
1 + uv0
)
=
α
rH
1 + uv0
1− uv0 . (D.17)
The integral becomes
Sct = − L
8piGN lAdS
∫ u2
u1
du
2rHv0
(1 + uv0)2
log
( α
rH
1 + uv0
1− uv0
)
= − L
8piGN lAdS
[
rH
(1− uv0
1 + uv0
)
+ rH
(1− uv0
1 + uv0
)
log
(αlct
rH
1 + uv0
1− uv0
)]u2
u1
= − L
8piGN lAdS
[
r(u, v0) + r(u, v0) log
αlct
r(u, v0)
]u2
u1
. (D.18)
Here we put r(u, v0) = rH
1−uv0
1+uv0
in the third line and u1, u2 are u coordinate of two end
points. The second term contains the logarithm of normalization α and this cancels the
affine parametrization dependence of joint terms. From this expression, it is easy to see that
the counter term contribution vanishes on the horizon because on the horizon r(u, v0) = rH
and total contribution vanishes.
References
[1] G. ’t Hooft, “Dimensional reduction in quantum gravity,” Conf. Proc. C930308
(1993) 284–296, arXiv:gr-qc/9310026 [gr-qc].
[2] L. Susskind, “The World as a hologram,” J. Math. Phys. 36 (1995) 6377–6396,
arXiv:hep-th/9409089 [hep-th].
[3] J. M. Maldacena, “The Large N limit of superconformal field theories and
supergravity,” Int. J. Theor. Phys. 38 (1999) 1113–1133, arXiv:hep-th/9711200
[hep-th]. [Adv. Theor. Math. Phys.2,231(1998)].
[4] S. Ryu and T. Takayanagi, “Holographic derivation of entanglement entropy from
AdS/CFT,” Phys. Rev. Lett. 96 (2006) 181602, arXiv:hep-th/0603001 [hep-th].
[5] V. E. Hubeny, M. Rangamani, and T. Takayanagi, “A Covariant holographic
entanglement entropy proposal,” JHEP 07 (2007) 062, arXiv:0705.0016 [hep-th].
[6] B. Swingle, “Entanglement Renormalization and Holography,” Phys. Rev. D86 (2012)
065007, arXiv:0905.1317 [cond-mat.str-el].
[7] M. Van Raamsdonk, “Building up spacetime with quantum entanglement,” Gen. Rel.
Grav. 42 (2010) 2323–2329, arXiv:1005.3035 [hep-th]. [Int. J. Mod.
Phys.D19,2429(2010)].
33
[8] T. Hartman and J. Maldacena, “Time Evolution of Entanglement Entropy from Black
Hole Interiors,” JHEP 05 (2013) 014, arXiv:1303.1080 [hep-th].
[9] L. Susskind, “Computational Complexity and Black Hole Horizons,” Fortsch. Phys. 64
(2016) 44–48, arXiv:1403.5695 [hep-th]. [Fortsch. Phys.64,24(2016)].
[10] D. Stanford and L. Susskind, “Complexity and Shock Wave Geometries,” Phys. Rev.
D90 no. 12, (2014) 126007, arXiv:1406.2678 [hep-th].
[11] M. Miyaji, T. Numasawa, N. Shiba, T. Takayanagi, and K. Watanabe, “Distance
between Quantum States and Gauge-Gravity Duality,” Phys. Rev. Lett. 115 no. 26,
(2015) 261602, arXiv:1507.07555 [hep-th].
[12] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle, and Y. Zhao, “Holographic
Complexity Equals Bulk Action?,” Phys. Rev. Lett. 116 no. 19, (2016) 191301,
arXiv:1509.07876 [hep-th].
[13] A. R. Brown, D. A. Roberts, L. Susskind, B. Swingle, and Y. Zhao, “Complexity,
action, and black holes,” Phys. Rev. D93 no. 8, (2016) 086006, arXiv:1512.04993
[hep-th].
[14] M. Miyaji, T. Takayanagi, and K. Watanabe, “From path integrals to tensor networks
for the AdS/CFT correspondence,” Phys. Rev. D95 no. 6, (2017) 066004,
arXiv:1609.04645 [hep-th].
[15] P. Caputa, N. Kundu, M. Miyaji, T. Takayanagi, and K. Watanabe, “Anti-de Sitter
Space from Optimization of Path Integrals in Conformal Field Theories,” Phys. Rev.
Lett. 119 no. 7, (2017) 071602, arXiv:1703.00456 [hep-th].
[16] P. Caputa, N. Kundu, M. Miyaji, T. Takayanagi, and K. Watanabe, “Liouville Action
as Path-Integral Complexity: From Continuous Tensor Networks to AdS/CFT,”
JHEP 11 (2017) 097, arXiv:1706.07056 [hep-th].
[17] B. Czech, “Einstein Equations from Varying Complexity,” Phys. Rev. Lett. 120 no. 3,
(2018) 031601, arXiv:1706.00965 [hep-th].
[18] T. Takayanagi, “Holographic Spacetimes as Quantum Circuits of Path-Integrations,”
arXiv:1808.09072 [hep-th].
[19] L. Susskind, “Entanglement is not enough,” Fortsch. Phys. 64 (2016) 49–71,
arXiv:1411.0690 [hep-th].
[20] J. L. Cardy, “Boundary conditions, fusion rules and the verlinde formula,” Nuclear
Physics B 324 no. 3, (1989) 581 – 596.
http://www.sciencedirect.com/science/article/pii/055032138990521X.
34
[21] J. L. Cardy, “Boundary conformal field theory,” arXiv:hep-th/0411189 [hep-th].
[22] K. Ohmori and Y. Tachikawa, “Physics at the entangling surface,” J. Stat. Mech.
1504 (2015) P04010, arXiv:1406.4167 [hep-th].
[23] J. Cardy and E. Tonni, “Entanglement hamiltonians in two-dimensional conformal
field theory,” J. Stat. Mech. 1612 no. 12, (2016) 123103, arXiv:1608.01283
[cond-mat.stat-mech].
[24] M. A. Rajabpour, “Post measurement bipartite entanglement entropy in conformal
field theories,” Phys. Rev. B92 no. 7, (2015) 075108, arXiv:1501.07831
[cond-mat.stat-mech].
[25] T. Numasawa, N. Shiba, T. Takayanagi, and K. Watanabe, “EPR Pairs, Local
Projections and Quantum Teleportation in Holography,” JHEP 08 (2016) 077,
arXiv:1604.01772 [hep-th].
[26] P. Calabrese and J. L. Cardy, “Evolution of entanglement entropy in one-dimensional
systems,” J. Stat. Mech. 0504 (2005) P04010, arXiv:cond-mat/0503393 [cond-mat].
[27] J. Cardy, “Bulk Renormalization Group Flows and Boundary States in Conformal
Field Theories,” SciPost Phys. 3 no. 2, (2017) 011, arXiv:1706.01568 [hep-th].
[28] M. Van Raamsdonk, “Building up spacetime with quantum entanglement II: It from
BC-bit,” arXiv:1809.01197 [hep-th].
[29] T. Takayanagi, “Holographic Dual of BCFT,” Phys. Rev. Lett. 107 (2011) 101602,
arXiv:1105.5165 [hep-th].
[30] M. Fujita, T. Takayanagi, and E. Tonni, “Aspects of AdS/BCFT,” JHEP 11 (2011)
043, arXiv:1108.5152 [hep-th].
[31] M. Flory, “A complexity/fidelity susceptibility g-theorem for AdS3/BCFT2,” JHEP
06 (2017) 131, arXiv:1702.06386 [hep-th].
[32] E. Witten, “Notes on Some Entanglement Properties of Quantum Field Theory,”
arXiv:1803.04993 [hep-th].
[33] L. Susskind and E. Witten, “The Holographic bound in anti-de Sitter space,”
arXiv:hep-th/9805114 [hep-th].
[34] M. Miyaji and T. Takayanagi, “Surface/State Correspondence as a Generalized
Holography,” PTEP 2015 no. 7, (2015) 073B03, arXiv:1503.03542 [hep-th].
[35] M. Miyaji, S. Ryu, T. Takayanagi, and X. Wen, “Boundary States as Holographic
Duals of Trivial Spacetimes,” JHEP 05 (2015) 152, arXiv:1412.6226 [hep-th].
35
[36] I. Bredberg, C. Keeler, V. Lysov, and A. Strominger, “Wilsonian Approach to
Fluid/Gravity Duality,” JHEP 03 (2011) 141, arXiv:1006.1902 [hep-th].
[37] Y. Nomura, P. Rath, and N. Salzetta, “Spacetime from Unentanglement,” Phys. Rev.
D97 no. 10, (2018) 106010, arXiv:1711.05263 [hep-th].
[38] A. Reynolds and S. F. Ross, “Divergences in Holographic Complexity,” Class. Quant.
Grav. 34 no. 10, (2017) 105004, arXiv:1612.05439 [hep-th].
[39] L. Lehner, R. C. Myers, E. Poisson, and R. D. Sorkin, “Gravitational action with null
boundaries,” Phys. Rev. D94 no. 8, (2016) 084046, arXiv:1609.00207 [hep-th].
[40] D. Carmi, R. C. Myers, and P. Rath, “Comments on Holographic Complexity,” JHEP
03 (2017) 118, arXiv:1612.00433 [hep-th].
[41] S. Chapman, H. Marrochio, and R. C. Myers, “Holographic complexity in Vaidya
spacetimes. Part I,” JHEP 06 (2018) 046, arXiv:1804.07410 [hep-th].
[42] S. Chapman, H. Marrochio, and R. C. Myers, “Holographic complexity in Vaidya
spacetimes. Part II,” JHEP 06 (2018) 114, arXiv:1805.07262 [hep-th].
[43] W.-z. Guo, “Entanglement Properties of Boundary State and Thermalization,”
arXiv:1708.07268 [hep-th].
[44] P. Calabrese and J. Cardy, “Entanglement entropy and conformal field theory,” J.
Phys. A42 (2009) 504005, arXiv:0905.4013 [cond-mat.stat-mech].
[45] I. Affleck and A. W. W. Ludwig, “Universal noninteger “ground-state degeneracy” in
critical quantum systems,” Phys. Rev. Lett. 67 (Jul, 1991) 161–164.
https://link.aps.org/doi/10.1103/PhysRevLett.67.161.
[46] J. M. Maldacena, “Eternal black holes in anti-de Sitter,” JHEP 04 (2003) 021,
arXiv:hep-th/0106112 [hep-th].
[47] A. Almheiri, A. Mousatov, and M. Shyani, “Escaping the Interiors of Pure
Boundary-State Black Holes,” arXiv:1803.04434 [hep-th].
[48] W. Israel, “Singular hypersurfaces and thin shells in general relativity,” Nuovo Cim.
B44S10 (1966) 1. [Nuovo Cim.B44,1(1966)].
[49] M. Headrick, V. E. Hubeny, A. Lawrence, and M. Rangamani, “Causality &
holographic entanglement entropy,” JHEP 12 (2014) 162, arXiv:1408.6300
[hep-th].
[50] O. Aharony, O. Bergman, D. L. Jafferis, and J. Maldacena, “N=6 superconformal
Chern-Simons-matter theories, M2-branes and their gravity duals,” JHEP 10 (2008)
091, arXiv:0806.1218 [hep-th].
36
[51] P. Horava and E. Witten, “Eleven-dimensional supergravity on a manifold with
boundary,” Nucl. Phys. B475 (1996) 94–114, arXiv:hep-th/9603142 [hep-th].
[52] J. D. Brown and M. Henneaux, “Central Charges in the Canonical Realization of
Asymptotic Symmetries: An Example from Three-Dimensional Gravity,” Commun.
Math. Phys. 104 (1986) 207–226.
[53] G. W. Gibbons and S. W. Hawking, “Action Integrals and Partition Functions in
Quantum Gravity,” Phys. Rev. D15 (1977) 2752–2756.
[54] S. W. Hawking and D. N. Page, “Thermodynamics of Black Holes in anti-De Sitter
Space,” Commun. Math. Phys. 87 (1983) 577.
[55] Z. Fu, A. Maloney, D. Marolf, H. Maxfield, and Z. Wang, “Holographic complexity is
nonlocal,” JHEP 02 (2018) 072, arXiv:1801.01137 [hep-th].
[56] S. Cooper, M. Rozali, B. Swingle, M. Van Raamsdonk, C. Waddell, and D. Wakeham,
“Black Hole Microstate Cosmology,” arXiv:1810.10601 [hep-th].
[57] A. Akhavan, M. Alishahiha, A. Naseh, and H. Zolfi, “Complexity and Behind the
Horizon Cut Off,” arXiv:1810.12015 [hep-th].
[58] I. Kourkoulou and J. Maldacena, “Pure states in the SYK model and nearly-AdS2
gravity,” arXiv:1707.02325 [hep-th].
[59] N. Ishibashi, “The Boundary and Crosscap States in Conformal Field Theories,” Mod.
Phys. Lett. A4 (1989) 251.
[60] T. Onogi and N. Ishibashi, “Conformal Field Theories on Surfaces With Boundaries
and Crosscaps,” Mod. Phys. Lett. A4 (1989) 161. [Erratum: Mod. Phys.
Lett.A4,885(1989)].
37
